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A. This paper introduces an analytical technique to obtain the two-group
neutron flux distribution on a typical square cell in the symmetrical core of a pres-
surised water reactor, PWR. Mathematically, the flux distribution is a solution to
a system of fourth order homogeneous diffusion equations with irregular bound-
ary conditions in Cartesian and polar coordinates. The formulae for the solution,
obtained explicitly in terms of hypergeometric functions, are suitable for computer
programming leading to temperature distribution and thermal stress analysis on fuel
rod, etc. The proposed technique is capable of calculating the neutron flux at the
corners of the typical cell, where neither approximated equivalent cell methods nor
numerical methods succeeded. An actual condition of steady state critical reactors
is studied, and numerical results by the proposed technique are compared to those
of an approximated equivalent cylindrical cell technique.
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1. I
Many engineering applications are simulated mathematically as partial differential
equations with nonsmooth irregular boundary conditions, described geometrically by
a composite of different shapes such as triangles, rectangles, and circles [1–3], as
in the theory of elasticity [4–6] or in neutron diffusion [7, 8]. Most of the custom-
ary numerical methods such as finite difference, finite elements and nodal methods
fail at the corners as being singular points [9–12]. Also equivalent boundaries meth-
ods such as cylindrical [13] or hexagonal [14, 15] are affected by corners ignorance.
Approximate analytical methods obtain the solution as an infinite series [16], which
is exposed to round off and truncation errors, and require stability and convergence
investigation of the calculations.
One of the most powerful ways of treating multi-region reactors is by the group
diffusion method. In this method the energies of all the neutrons are divided into
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a number of energy groups. The neutrons within each group are then lumped to-
gether and their diffusion, scattering, absorption, and other interactions are described
in terms of suitably averaged diffusion coefficients and cross-sections, which are col-
lectively known as group constants.
The simplest group diffusion problem involves only one group of neutrons, which,
for simplicity, are assumed to be all thermal neutrons. A more accurate procedure,
particularly for thermal reactors, is to split the neutrons into two groups; in which
case, thermal neutrons are included in one group called the thermal or slow group, and
all the other neutrons are included in the fast group. This approach was utilised in [13]
assuming only one-dimensional composite problem. In this work, the approach used
in [13] is extended to two dimensions. Moreover, the fuel rod and the moderator are
treated as separate regions as will be indicated in the following section.
It must be emphasised that the two-group method is not an exact technique for han-
dling reactor criticality calculations [17]. Nevertheless, it does provide a relatively
simple way of obtaining reasonable estimates of the critical mass, flux distributions,
and so on.
2. P 
2.1. Governing equations. Consider a two-region thermal reactor consisting of ho-
mogeneous fuel rods submerged in moderator, which is divided into symmetrical
cells. Every cell is a fuel lump consisting of a rod with circular cross-section of ra-
dius a in a square moderator with side length 2b. Due to the symmetry of the system,
the cell can be divided into triangular regions and confine the solution to one single
triangle, say OAB, as shown in Figure 1.
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F 1. PWR typical lattice.
The steady state diffusion equation for the fast neutron flux in the fuel region φF1 is
given by
−DF1∇2φF1 +
(
ΣFa1 + Σ
F
12
)
φF1 − νΣFf 1φF1 − νΣFf 2φF2 = 0, (2.1)
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and that for the thermal flux φF2 in the fuel is described by
−DF2∇2φF2 + ΣFa2φF2 − ΣF12φF1 = 0. (2.2)
The diffusion equation for the fast neutron in the moderator region φM1 is
−DM1 ∇2φM1 +
(
ΣMa1 + Σ
M
12
)
φM1 = 0, (2.3)
and for the thermal flux in the moderator φM2 is
−DM2 ∇2φM2 + ΣMa2φM2 − ΣM12φM1 = 0, (2.4)
where
• ∇2 is the Laplace operator,
• F and M stand for fuel and moderator, respectively,
• subscripts 1 and 2 stand for fast and thermal fluxes, respectively,
• DF1 ,DF2 ,DM1 ,DM2 are diffusion coefficients for fuel and moderator in group
1 and 2, respectively,
• ΣF
a1,Σ
F
a2,Σ
M
a1,Σ
M
a2 are macroscopic absorption cross-sections,
• ΣF12,ΣM12 are macroscopic slowing down cross-sections,
• ΣFf 1,ΣFf 2 are macroscopic fission cross-sections,
• ν is the number of neutrons produced per fission.
The macroscopic cross-sections are assumed to be constants which characterise
the material properties of the fuel and the moderator.
Since all cells are identical in an infinite uniform lattice, there can be no net flow
of neutrons from one cell to another. It follows that the current density is zero along
the boundary of each cell, also both fast and thermal fluxes and currents must be
continuous at the fuel-moderator interface.
2.2. Boundary conditions. As mentioned in the previous section, both fast and ther-
mal fluxes and currents must be continuous at the fuel-moderator interface, therefore
the following conditions must be satisfied at r = a:
φF1 = φ
M
1 , (2.5)
φF2 = φ
M
2 , (2.6)
DF1
∂φF1
∂r
= DM1
∂φM1
∂r
, (2.7)
and
DF2
∂φF2
∂r
= DM2
∂φM2
∂r
. (2.8)
Likewise, the symmetrical conditions for the triangular region OAB in Figure 1 must
be satisfied as follows:
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(i) Along the line y = 0;
∂φij
∂y
= 0, i = F,M, and j = 1, 2 (2.9)
(ii) Along the line x = b;
∂φMj
∂x
= 0, j = 1, 2 (2.10)
(iii) Along the line y = x, where 0 ≺ x ≺ b
∂φij
∂n
= 0, (2.11)
where n is the outward normal to the line y = x.
The major difficulty of this problem is that criticality conditions yield some of
mathematical relations expressed in Cartesian coordinates and others expressed in
polar coordinates.
On the one hand, expressing the entire problem in polar coordinates introduces
some inaccuracy at the outer boundary of the moderator (at x = b), on the other hand,
a mathematical statement in the Cartesian coordinates introduces inaccuracy at the
interface of both the fuel and the moderator.
In the following section, these difficulties will be discussed in some detail in the
frame of the proposed solution approach.
3. A   
To find the fast and thermal fluxes which satisfy the criticality conditions of the
reactor, it is necessary to solve the two-group equations for fuel and moderator, in the
confined triangular region.
Beginning with the fuel, the coupled second-order differential equations (2.1) and
(2.2) are decoupled by solving equation (2.1) for φF2 to get
φF2 =
−1
νΣFf 2
(
DF1∇2φF1 + ΣF1 φF1
)
. (3.1)
Substituting this result into equation (2.2), one obtains a fourth-order equation for
φF1 alone; namely,
τ f L2f 52 52φF1 −
(
τ f − L2f
)
52 φF1 + (k∞ − 1) φF1 = 0, (3.2)
where
ΣF1 = −
(
ΣFa1 + Σ
F
12 − νΣFf 1
)
,
τ f =
DF1
ΣF1
, L2f =
DF2
ΣF
a2
, and k∞ =
ΣF12νΣ
F
f 2
ΣF1 Σ
F
a2,
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Equation (3.2) is a fourth-order differential equation with constant coefficients and
can be factored to get (
∇2 − µ2
) (
∇2 − λ2
)
φF1 = 0, (3.3)
where
µ2 =
(
τ f − L2f
)
±
√(
τ f − L2f
)2 − 4τ f L2f (k∞ − 1)
2τ f L2f
and
−λ2 = µ2 −
τ f − L2f
τ f L2f .
Equation (3.3) can be split into the following two equations(
∇2 − µ2
)
X = 0 (3.4)(
∇2 − λ2
)
Y = 0. (3.5)
The general solution for φF1 is then a linear combination of the independent functions
X and Y; namely
φF1 = AX + CY, (3.6)
where A and C are unknown constants. If the Laplace operator ∇2 in Cartesian form
is used, then
X(x, y) = (coshαx) (coshαy) (3.7)
Y(x, y) = (cosh βx) (cosh βy) , (3.8)
where
α =
µ√
2
, and β = λ√
2
Having the fast flux in the fuel been determined, the thermal flux φF2 can be found
from equation (3.1), in the form
φF2 = AS 1X + CS 2Y (3.9)
where
S 1 =
ΣF12/Σ
F
a2
µ2L2f − 1
and S 2 =
ΣF12/Σ
F
a2
λ2L2f − 1
.
We now focus on the equations for fast neutron and thermal flux in the moderator.
Equation (2.3) may be written in the form
∇2φM1 − k21MφM1 = 0, (3.10)
where
k21M =
ΣM
a1 + Σ
M
12
DM1
.
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In general, the solution to equation (3.10) will be indicated by
φM1 = FZ1(x, y), (3.11)
where F is an unknown constant, and
Z1(x, y) = (cosh γ(b − x)) (cosh γ(b − y)) , (3.12)
where γ = kM1 /
√
2. The thermal flux in the moderator φM2 can be found by assuming
a solution to equation (2.4) in the form
φM2 = S 3φ
M
1 + GZ2, (3.13)
where G is an unknown constant and
S 3 =
ΣM12/D
M
2
k22M − k21M
, k22M =
ΣM
a2
DM2
.
The function Z2(x, y) is then the solution of the equation
∇2Z2 − k22MZ2 = 0, (3.14)
whose solution may be written in the form
Z2(x, y) = (coshω(b − x)) (coshω(b − y)) ,
where ω = kM2 /
√
2.
The general solution which satisfies the symmetrical conditions (2.9) through (2.11),
for the fast and thermal fluxes in both the fuel and moderator displayed in equations
(3.6), (3.9), (3.11), and (3.13) can be conveniently written in the following matrix
form: 
φF1
φF2
φM1
φM2
 =

1 1 0 0
S 1 S 2 0 0
0 0 1 0
0 0 S 3 1


AX
CY
FZ1
GZ2
 . (3.15)
To calculate the four unknowns A,C, F, and G, criticality of the reactor in equations
(2.5) through (2.8) is utilised.
In the preceding equations, the functions X,Y,Z1,Z2, are transformed into polar
coordinates, then their magnitudes, and their partial derivatives are evaluated at the
fuel-moderator interface where r = a.
Inserting the solutions of the fluxes, namely, equations (3.6), (3.9), (3.11), and
(3.13), into equations (2.5) through (2.8) gives the following set of equations:
AX + CY − FZ1 = 0, (3.16)
ADF1
∂X
∂r
+ CDF1
∂Y
∂r
− FDM1
∂Z1
∂r
= 0, (3.17)
AS 1X + CS 2Y − FS 3Z1 −GZ2 = 0, (3.18)
ADF2 S 1
∂X
∂r
+ CDF2 S 2
∂Y
∂r
− FDM2 S 3
∂Z1
∂r
−GDM2
∂Z2
∂r
= 0. (3.19)
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In view of Cramer’s rule regarding linear, homogeneous algebraic equations, the de-
terminant of the coefficients multiplying the unknowns A,C, F, and G is zero, then∣∣∣∣∣∣∣∣∣∣∣
X Y −Z1 0
DF1
∂X
∂r D
F
1
∂Y
∂r −DM1 ∂Z1∂r 0
S 1X S 2Y −S 3Z1 −Z2
DF2 S 1
∂X
∂r D
F
2 S 2
∂Y
∂r −DM2 S 3 ∂Z1∂r −DM2 ∂Z2∂r
∣∣∣∣∣∣∣∣∣∣∣ = 0. (3.20)
Equation (3.20) provides a relation, admittedly a somewhat complicated one, which
must be satisfied if the reactor is to be critical. Criticality can be obtained by adjusting
either the physical properties or the size of the reactor in such a way that the critical
determinant given by (3.20) is precisely zero.
To find the fast and thermal fluxes it is necessary to determine the constants A,C, F,
and G. It is not possible, however, to find the absolute values of all of these constants,
since it can be shown that if the determinant of the coefficients in equation (3.20) is
zero, as it must be for criticality, then these four equations are no longer independent.
Therefore it is possible to determine only three of the constants in terms of A. Thus
the absolute value of the flux cannot be found from these equations. While it is
possible to specify the shape of the flux in a critical reactor, its magnitude depends
upon the operating power of the system and is not determined by the group equations.
To find the constant A it is necessary to compute the reactor power P, where
P = κ
(
ΣFf 1
∫
v
φF1 dv + Σ
F
f 2
∫
v
φF2 dv
)
. (3.21)
It is found that
C = AX
βY
(
DF1 κ − DM1 ξ
)
, (3.22)
F =
AX
βZ1
(
DF1 κ − DM1 ε
)
, (3.23)
and
G = AX
βZ2
(
DF1 (S 2 − S 3)κ + DF1 (S 2 − S 3)ε + DM1 (S 1 − S 2)ξ
)
, (3.24)
where
β = DM1 ξ − DF1 ε, κ =
∂X
∂r
X
, ξ =
∂Z1
∂r
Z1
, and ε =
∂Y
∂r
Y
.
All of the functions appearing in these equations are evaluated, at the fuel-moderator
interface at r = a, (note that, numerically, it is preferable to consider θ = 45◦) where
∂X
∂r
=
α
2
[F1 sinh (αrF1) + F2 sinh (αrF2)]
∂Y
∂r
=
β
2
[
F1 sinh (βrF1) + F2 sinh (βrF2)]
∂Z1
∂r
=
γ
2
[−F1 sinh (γ(2b − rF1)) + F2 sinh (γrF2)]
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∂Z2
∂r
=
ω
2
[−F1 sinh (ω(2b − rF1)) + F2 sinh (ωrF2)]
and,
F1 = sin θ + cos θ, F2 = sin θ − cos θ.
The solution written in the matrix form of equation (3.15) satisfies all conditions in
(2.5) through (2.11) on the triangle region OAB, except only a part of condition (2.9)
at the moderator region (a ≤ x ≤ b). Along the sediment line CA, the normal slopes
cannot be exactly determined but approximately∂φM1
∂y

a≤x≤b,
y=0
= −γF (cosh γ(b − x)) (sinh γb) ≈ 0, (3.25)
also,∂φM2
∂y

a≤x≤b,
y=0
= −γS 3F (cosh γ(b − x)) (sinh γb)
− ωG (coshω(b − x)) (sinhωb) ≈ 0. (3.26)
0 0.2 0.4 0.6 0.8
0.9463
0.9464
0.9465
0.9466
0.9467
0.9468
0.9469
F 2. Fast flux distributions by the proposed and equivalent
cylinder techniques.
4. V
The problem considered in this paper was treated in [16], where an approximate
analytical solution was obtained. Another mathematical treatment based on an equiv-
alent cylindrical cell was introduced in [13]. The solution obtained using the ap-
proach proposed in this work was validated by comparing some numerical results
with solutions obtained by the above two methods.
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0.94632
F 3. Fast flux distributions by the proposed and equivalent
cylinder techniques, at moderator region.
Firstly, the approximated equivalent cylindrical cell technique, which is used now
in reactors, is utilised to compare the numerical results of the obtained solution, as
well as to compare the stability and convergence of the solution.
Secondly, the approximate analytical solution is introduced to show what the pro-
posed solution is like in an explicit and simple form.
The approximate analytical and equivalent cylindrical cell solutions are highlighted
in the following subsections.
4.1. Equivalent cylindrical cell. In the equivalent cylindrical cell approach, the ac-
tual cell which consists of a cylindrical fuel rod surrounded by a square moderator is
replaced by a cylindrical cell of the same volume [13], see Figure 4.
x
y
R
a
F 4. Equivalent cylindrical cell.
The solution of the system of equations (2.1) to (2.4) with the critical conditions
(2.5) to (2.8), in piecewise cylindrical equivalent cell. The solution obtained may be
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recast into matrix form (3.15) as follows:
X = I0(µr) (4.1)
Y = I0(λr) (4.2)
Z1 = K1(k1mR)I0(k1mr) + I1(k1mR)K0(k1mr) (4.3)
Z2 = K1(k2mR)I0(k2mr) + I1(k2mR)K0(k2mr), (4.4)
where R = 2b√
pi
, and I0, I1, K0, and K1 are the Bessel functions.
4.2. Approximate analytical method. An approximate analytical method, which
uses polar coordinates centred at the centre of the cell, was used in [16] for solving
the system of equations given by (2.1) to (2.4). The solution is obtained as an infinite
series of products of pairs of functions such that, for every pair, one of the functions
depends solely on the angular variable while the other function depends on the radial
variable and on the two energy groups. The solution is summarised in the matrix
form (3.15) as
AX =
∞∑
k=0
cos 4kθ (akZ4k(B0r)) (4.5)
CY =
∞∑
k=0
cos 4kθ (bkZ4k(B1r)) (4.6)
FZ1 =
∞∑
k=0
cos 4kθ [ckW4k(B2r) + dkZ4k(B2r)] (4.7)
GZ2 =
∞∑
k=0
cos 4kθ [ekW4k(B3r) + fkZ4k(B3r)] , (4.8)
where W4k,and Z4k are Bessel functions.
The coefficients S 1, S 2, S 3, ak, bk, ck, dk, ek, and fk are determined from the bound-
ary and critical conditions.
The results obtained from this solution are in an excellent agreement with our re-
sults. However, the solution form obtained using the proposed technique is expressed
in a simpler and explicit form.
Each of the three techniques introduced above has its own arbitrary constants. To
satisfy equivalence between two of them, arbitrary constants must be determined.
One of the assumptions is that, at the cell centre, the equivalent techniques should
have the same flux values.
Both the proposed technique and the equivalent cylindrical cell approach have the
same flux values at the cell centre as:[
φF1
]
r=0
= A + C, (4.9)
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and [
φF2
]
r=0
= AS 1 + CS 2. (4.10)
0 0.2 0.4 0.6 0.8
0.03
0.0305
0.031
0.0315
F 5. Thermal flux distributions by the proposed and equivalent
cylinder techniques.
0.4 0.5 0.6 0.7 0.8 0.9
0.0314
0.0315
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0.0317
0.0318
F 6. Thermal flux distributions by the proposed and equivalent
cylinder techniques, at moderator region.
4.3. Study of a typical case. In a steady state symmetrical PWR typical lattice, two-
group constants are the following ones:
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DF1 = 1.13, D
F
2 = 0.519, D
M
1 = 21.2, D
M
2 = 1.71,
ΣF
a1 = 0.0309, Σ
F
a2 = 0.283, Σ
M
a1 = 0.000127, Σ
M
a2 = 0.00432,
ΣF12 = −0.00902, ΣM12 = 0.0157, ΣFf 1 = 0.0094, ΣFf 2 = 0.211,
ν = 2.42, a = 0.4119, b = 0.6331.
As a consequence, the equations of φF1 , φ
M
1 ,φ
F
2 , and φ
F
2 for the proposed technique
become (roughly):
φF1 = cosh(0.08x) cosh(0.08y) − 0.053 cosh(0.52x) cosh(0.52y), (4.11)
φM1 = 0.95 cosh (0.019(0.6331 − x)) cosh(0.019(0.6331 − y)), (4.12)
φF2 = −0.033 cosh(0.08x) cosh(0.08y) + 0.063 cosh(0.52x) cosh(0.52y), (4.13)
and
φM2 = 4.87 cosh(0.019(0.6331 − x)) cosh(0.019(0.6331 − y))
− 4.84 cosh(0.036(0.6331 − x)) cosh(0.036(0.6331 − y)). (4.14)
The normal derivatives in equations (3.25) and (3.26) are of order less than 10−10.
The corresponding solution sets for the equivalent cylindrical cell approach are
φF1 = I0(0.11r) − 0.053I0(0.73r), (4.15)
φM1 = 0.01(K1(0.011)I0(0.016r) + I1(0.011)K0(0.016r)), (4.16)
φF2 = −0.03I0(0.11r) + 0.06I0(0.73r), (4.17)
and
φM2 = 0.056(K1(0.011)I0(0.016r) + I1(0.011)K0(0.016r))
− 0.1(K1(0.021)I0(0.029r) + I1(0.021)K0(0.029r)). (4.18)
The numerical results are showed on the figures enclosed.
Figures 2 and 5 show that both fast and thermal fluxes (φF1 and φF2 ) by the proposed
or equivalent cylindrical cell techniques have the same distribution in fuel region.
Figures 3 and 6 show that, in the moderator region, both fast and thermal fluxes
(φM1 and φM2 ) by equivalent cylindrical cell technique take middle positions between
θ = 0◦ and θ = 45◦.
Note 1. The dashed line stands for the flux at θ = 0, and the continuous one stands
for the flux at θ = 45◦ by the proposed technique, while the thick line stands for the
flux by the equivalent cylindrical cell technique.
Figure 7 specifies the fast flux (φF1 ) distribution over the typical cell by the pro-
posed technique, and Figure 8 specifies the fast flux distribution over the equivalent
cylindrical cell.
Figures 9 and 10, respectively, describe the thermal flux distribution of the typical
cell found by the proposed technique and the equivalent cylindrical cell.
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0.946
0.9465
0.947
F 7. Fast flux distribution of the proposed technique.
Figures 11 and 12 show the variations of fast and thermal fluxes (φM1 , φM2 ), respec-
tively, against the angle θ, at different radii.
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−0.5
0
0.5
473.1
473.2
473.3
F 8. Fast flux distribution of equivalent cylinder technique.
5. C
An analytical technique was introduced for solving the two-group neutron diffu-
sion equations in the critical reactor’s typical lattice. Mathematically, it is a solution
of the fourth order homogeneous diffusion equations with non-smooth (or irregular)
boundary conditions in both the Cartesian and polar coordinates. The solution was
obtained in the explicit form suitable for computer programming and other purposes
such as analysis of temperature distribution, thermal stress on fuel rod, etc. By using
this technique, one can compute the neutron flux at the corners of the typical cell, in
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F 9. Thermal flux distribution of the proposed technique.
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15.8
F 10. Thermal flux distribution of equivalent cylinder technique.
which case neither approximate equivalent cell methods nor numerical methods suc-
ceed. The proposed technique also avoids round off and truncation errors analysis and
stability and convergence investigation in calculations, in which other approximate
analytical methods may fail.
Future work:
(i) Studying temperature distribution of PWR typical lattice and stress analysis
in fuel rod using the proposed technique.
(ii) Extending the proposed technique in three dimensions.
(iii) Studying flux distributions of non-symmetrical PWR typical lattice.
(iv) Treating the problem as a stochastic process, since the macroscopic cross-
sections are not constant but random variables.
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